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Consider the eigenvalue problem (Pλ f˜ ): −u = λ f (x,u) in Ω , u = 0 on ∂Ω , where Ω is a
bounded smooth domain in RN . Denote by C˜L the set of all Carathéodory functions f : Ω ×
R→R such that for a.e. x ∈ Ω , f (x, ·) is Lipschitzian with Lipschitz constant L, f (x,0) = 0
and supξ∈R
∫ ξ
0 f (x, t)dt = 0, and denote by Λ f˜ (resp. Λwf˜ ) the set of λ > 0 such that (Pλ f˜ )
has at least one nonzero classical (resp. weak) solution. Let λ1 be the ﬁrst eigenvalue for
the Laplacian–Dirichlet problem. We prove that inf f ∈C˜L infΛ f˜ = inf f ∈C˜L infΛwf˜ =
3λ1
L and
{infΛ f˜ | f ∈ C˜L\{0}} = {infΛ f˜ | f ∈ C˜L\{0}} = [ 3λ1L ,+∞]. Our result is a positive answer to
Ricceri’s conjecture if use f (x,u) instead of f (u) in the conjecture.
© 2008 Elsevier Inc. All rights reserved.
In this paper we discuss a conjecture proposed by Ricceri [2] for a class of nonlinear elliptic eigenvalue problems and
some relative problems.
Ricceri [2] dealt with the following eigenvalue problem{−u = λ f (u) in Ω,
u = 0 on ∂Ω, (Pλ f )
where Ω ⊂RN is a bounded smooth domain, λ ∈R, f :R→R is continuous and f (0) = 0.
Since f (0) = 0, 0 is a solution of (Pλ f ) for each λ ∈R. Denote
Λ f =
{
λ > 0
∣∣ (Pλ f ) has at least one nonzero classical solution}.
For ﬁxed L > 0, deﬁne
BL =
{
f
∣∣ f :R→R is Lipschitzian with Lipschitz constant L and f (0) = 0},
CL =
{
f
∣∣∣ f ∈ BL and sup
ξ∈R
ξ∫
0
f (t)dt = 0
}
.
Let λ1 be the ﬁrst eigenvalue for the problem
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u = 0 on ∂Ω. (1)
As usual, we adopt the convention inf∅ = +∞.
Sato and Yanagida [4] proved the conclusion
inf
f ∈BL
infΛ f = λ1L . (2)
Ricceri [2] proved the conclusion
inf
f ∈CL
infΛ f 
3λ1
L
(3)
and proposed the following conjecture:
Conjecture. (See [2].) For every L > 0, one has
inf
f ∈CL
infΛ f = 3λ1L . (4)
Ricceri [2] studied also the nonlinear eigenvalue problems in the abstract Hilbert spaces. Let (H, 〈·,·〉) be a real Hilbert
space. Denote by AH the set of all C1 functionals I : H → R such that 0 is a global maximum of I and I ′ is Lipschitzian
with Lipschitz constant less than 1. It is well known that there exists a natural isomorphism T : H → H∗ deﬁned by
T (u)(v) = 〈u, v〉 for every u, v ∈ H .
In this paper, for I ∈ C1(H,R) and u ∈ H , we denote by I ′(u) the derivative of I at u and denote ∇ I(u) = T−1(I ′(u)), so
I ′(u) ∈ H∗ , ∇ I(u) ∈ H and I ′(u)v = 〈∇ I(u), v〉 for v ∈ H . Set
γH = inf
I∈AH
inf
{
λ > 0
∣∣ u = λ∇ I(u) for some u = 0}.
Ricceri [2] proved that, for any real Hilbert space H with H = {0}, one has
γH = 3. (5)
In fact, conclusion (3) is a corollary of conclusion (5) by taking H = H10(Ω), where H10(Ω) is the well-known Sobolev
space with the norm ‖u‖ = (∫
Ω
|∇u(x)|2 dx)1/2 induced by the scalar product 〈u, v〉 = ∫
Ω
∇u(x)∇v(x)dx.
In problem (Pλ f ), the function f (ξ) (ξ ∈R), is independent of x ∈ Ω . In the present paper, we use Carathéodory function
f (x, ξ) instead of f (ξ) and consider the following eigenvalue problem{−u = λ f (x,u) in Ω,
u = 0 on ∂Ω. (Pλ f˜ )
For ﬁxed L > 0, we denote by B˜L the set of all Carathéodory functions f : Ω × R→R such that for a.e. x ∈ Ω the
function f (x, ·) :R→R is Lipschitzian with Lipschitz constant L independent of x and f (x,0) = 0 for x ∈ Ω . Deﬁne
C˜L =
{
f
∣∣∣ f ∈ B˜L and sup
ξ∈R
ξ∫
0
f (x, t)dt = 0 for a.e. x ∈ Ω
}
.
For every f ∈ B˜L we deﬁne
Λw
f˜
= {λ > 0 ∣∣ (Pλ f˜ ) has at least one nonzero weak solution},
Λ f˜ =
{
λ > 0
∣∣ (Pλ f˜ ) has at least one nonzero classical solution}.
For the regularity of the weak solutions of problem (Pλ f˜ ), Berger [1] has proved the following result.
Theorem 0. (See [1, Theorem 1.5.7].) Suppose f (x,u) is a Lipschitz continuous function of x and u satisfying the growth condition∣∣ f (x,u)∣∣ k(1+ |u|σ ), 0 < σ < N + 2
N − 2 ,
for |u| suﬃciently large. Then any weak solution of (Pλ f˜ ) is a classical solution in Ω and at all suﬃciently smooth portions of ∂Ω .
By Theorem 0, when f ∈ BL , any weak solution of (Pλ f ) is a classical solution. However, when f ∈ B˜L , a weak solution
of (Pλ f˜ ) need not be a classical solution.
The main results of the present paper are the following three theorems.
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inf
f ∈C˜L
infΛ f˜ = inf
f ∈C˜L
infΛw
f˜
=3λ1
L
. (6)
Theorem 2. Let L > 0 be given and let ϕ1 be an eigenfunction corresponding to the ﬁrst eigenvalue λ1 for problem (1) satisfying
ϕ1(x) > 0 for all x ∈ Ω . Then for each μ  3λ1L , there exists a function f ∈ C˜L such that μ ∈ Λ f˜ ⊂ Λwf˜ , μ = minΛ f˜ = minΛwf˜
and ϕ1 is a unique nonzero weak solution of (Pμ f˜ ). In addition, there exists f ∈ C˜L\{0} such that (Pλ f˜ ) has no nonzero weak solution
for each λ > 0. Thus {infΛ f˜ | f ∈ C˜L\{0}} = {infΛwf˜ | f ∈ C˜L\{0}} = [
3λ1
L ,+∞].
Theorem 3. For every L > 0, one has that 3λ1L /∈ Λ f for all f ∈ CL .
Since C˜L ⊃ CL , there holds inf f ∈C˜L infΛ f˜  inf f ∈CL infΛ f and consequently, the main result of [2], conclusion (3), is a
corollary of Theorem 1. Note that Theorem 1 is not an answer to Ricceri’s conjecture itself. Theorem 1 only shows that the
conjecture of Ricceri type is true if use C˜L instead of CL . Theorem 2 is a complement of Theorem 1. Theorem 3 reﬂects a
difference between (Pλ f ) and (Pλ f˜ ). After having Theorems 1–3, Ricceri’s conjecture itself is still open.
The problems (Pλ f˜ ) and (Pλ f ) possess Dirichlet boundary value condition. In the ﬁnal part of the present paper we also
consider the elliptic eigenvalue problems possessing Neumann boundary value condition.
We shall prove Theorem 1 via the following two propositions.
Proposition 1. For every L > 0, one has
inf
f ∈C˜L
infΛ f˜  inf
f ∈C˜L
infΛw
f˜
 3λ1
L
. (7)
Proposition 2. For every L > 0, one has
inf
f ∈C˜L
infΛw
f˜
 inf
f ∈C˜L
infΛ f˜ 
3λ1
L
. (8)
To prove Proposition 1, let us ﬁrst give a lemma which is a corollary of conclusion (5).
Lemma 1. Let H be a real Hilbert space with H = {0}. Denote by AH the set of all C1 functionals I : H → R such that 0 is a global
maximum of I and I ′ is Lipschitzian with Lipschitz constant less than or equal 1. Set
γH = inf
I∈AH
inf
{
λ > 0
∣∣ u = λ∇ I(u) for some u = 0}.
Then γH = 3.
Proof. Since AH ⊃AH , it is clear that γH  γH = 3. Now let I ∈AH be such that I ′ has Lipschitz constant L = 1 and let
λ ∈ (0,3). We choose μ and ρ such that λ < μ < 3, 0 < ρ < 1 and μρ = λ. Then ρ I ∈AH , and by conclusion (5), 0 is the
unique solution of the equation u = μ∇(ρ I)(u), that is, 0 is the unique solution of the equation u = λ∇ I(u). This shows
γH  3 and hence γH = 3. 
Proof of Proposition 1. It is clear that Λ f˜ ⊂ Λwf˜ for each f ∈ C˜L and so inf f ∈C˜L infΛ f˜  inf f ∈C˜L infΛwf˜ . To prove (7) it
suﬃces to prove inf f ∈C˜L infΛ
w
f˜
 3λ1L .
Let L > 0 and f ∈ C˜L . Deﬁne
F (x, ξ) =
ξ∫
0
f (x, t)dt for x ∈ Ω and ξ ∈R,
I(u) =
∫
Ω
F
(
x,u(x)
)
dx for u ∈ H10(Ω).
Then I ∈ C1(H10(Ω),R) and for every u,w ∈ H10(Ω) one has
I ′(u)w =
∫
f
(
x,u(x)
)
w(x)dx.Ω
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Ω
∣∣ f (x,u(x))− f (x, v(x))∣∣∣∣w(x)∣∣dx
 L
∫
Ω
∣∣u(x) − v(x)∣∣∣∣w(x)∣∣dx L‖u − v‖L2(Ω)‖w‖L2(Ω)
 L 1√
λ1
‖u − v‖ · 1√
λ1
‖w‖ = L
λ1
‖u − v‖.
This shows that I ′ has Lipschitz constant L
λ1
. Thus λ1L I
′ has Lipschitz constant 1 and λ1L I ∈ AH . By Lemma 1, for each
λ ∈ (0,3), 0 is the unique solution of the equation u = λ∇( λ1L I)(u), that is, 0 is the unique weak solution of the prob-
lem (P λλ1
L f˜
). This shows that inf f ∈C˜L infΛ
w
f˜
 3λ1L and hence (7) holds. 
Let us now turn to the proof of Proposition 2. A useful tool is a special family of the real functions which were used
in [3] to prove γR = 3. In the following lemma we list the elementary properties of such functions.
Lemma 2. For each ξ0 > 0, deﬁne a function gξ0 :R→R by
gξ0(ξ) =
⎧⎪⎨⎪⎩
−ξ if ξ < 13 ξ0,
ξ − 23 ξ0 if 13 ξ0  ξ  ξ0,
−ξ + 43 ξ0 if ξ0 < ξ.
Then gξ0 is Lipschitzian with Lipschitz constant 1, gξ0(0) = 0, supξ∈R
∫ ξ
0 gξ0(t)dt = 0, gξ0(ξ0) = 13 ξ0 and
gξ0 (ξ)
ξ
< 13 for ξ = ξ0 .
The proof of Lemma 2 is immediate and it is omitted here.
Proof of Proposition 2. It suﬃces to prove inf f ∈C˜L infΛ f˜ 
3λ1
L . Let L > 0 be given and let ϕ1 be an eigenfunction corre-
sponding to the ﬁrst eigenvalue λ1 for problem (1) satisfying ϕ1(x) > 0 for all x ∈ Ω . Deﬁne f : Ω ×R→R by
f (x, ξ) = gϕ1(x)(ξ) for x ∈ Ω and ξ ∈R.
Then, by Lemma 2, for each x ∈ Ω , f (x, ·) is Lipschitzian with Lipschitz constant 1, f (x,0) = 0, supξ∈R
∫ ξ
0 f (x, t)dt = 0 and
f (x,ϕ1(x)) = 13ϕ1(x). So f ∈ C˜1 and L f ∈ C˜L . From
−ϕ1(x) = λ1ϕ1(x) and f
(
x,ϕ1(x)
)= 1
3
ϕ1(x) for x ∈ Ω,
it follows that
−ϕ1(x) = 3λ1
L
L f
(
x,ϕ1(x)
)
for x ∈ Ω,
which shows that ϕ1 is a classical solution of (P 3λ1
L L˜ f
) and thus 3λ1L ∈ ΛL˜ f . The proof of Proposition 2 is complete. 
Now we give the proof of Theorem 2.
Proof of Theorem 2. Let L > 0 and μ  3λ1L be given. Set ρ = λ1μL . Then 0 < ρ  13 . For each ξ0 > 0, deﬁne a function
h(ρ)ξ0 = hξ0 :R→R by
h(ρ)ξ0 (ξ) = hξ0(ξ) =
⎧⎨⎩
−ξ if ξ < 13 ξ0,
3ρ+1
2 ξ − ρ+12 ξ0 if 13 ξ0  ξ  ξ0,−3ρξ + 4ρξ0 if ξ0 < ξ.
Then it is easy to see that hξ0 is Lipschitzian with Lipschitz constant 1, hξ0(0) = 0, supξ∈R
∫ ξ
0 hξ0(t)dt = 0, hξ0(ξ0) = ρξ0 and
hξ0 (ξ)
ξ
< ρ for ξ = ξ0. Deﬁne
f (ρ)(x, ξ) = f (x, ξ) = Lhϕ1(x)(ξ) for x ∈ Ω and ξ ∈R.
Then f ∈ C˜L and f (x,ϕ1(x)) = Lhϕ1(x)(ϕ1(x)) = Lρϕ1(x) = λ1 ϕ1(x) for x ∈ Ω . Thus,μ
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(
x,ϕ1(x)
)
for x ∈ Ω,
and consequently, μ ∈ Λ f˜ ⊂ Λwf˜ and ϕ1 is a nonzero classical solution of (Pμ f˜ ). We claim that, for any λ > 0 and any weak
solution u of (Pλ f˜ ), there must hold u(x) 0 for a.e. x ∈ Ω . To see this, taking u− , deﬁned by
u−(x) =
{
0 if u(x) 0,
u(x) if u(x) < 0,
as a test function, and noting that f (x, ξ) > 0 if ξ < 0, we have∫
Ω
∣∣∇u−(x)∣∣2 dx = λ∫
Ω
f
(
x,u(x)
)
u−(x)dx 0,
and consequently u− = 0, that is u(x) 0 for a.e. x ∈ Ω .
To prove μ = minΛw
f˜
, arguing by contradiction, assume that there exists λ ∈ (0,μ) such that (Pλ f˜ ) has a nonzero weak
solution u. By the above-mentioned claim, u(x) 0 for a.e. x ∈ Ω . Noting that
f
(
x,u(x)
)
 Lρu(x) for x ∈ Ω, (9)
we have that, for x ∈ Ω ,
λ f
(
x,u(x)
)
 λLρu(x) = λ
μ
λ1u(x),
and consequently∫
Ω
∣∣∇u(x)∣∣2 dx = ∫
Ω
λ f
(
x,u(x)
)
u(x)dx λ
μ
λ1
∫
Ω
∣∣u(x)∣∣2 dx < λ1 ∫
Ω
∣∣u(x)∣∣2 dx,
which contradicts with that λ1 is the ﬁrst eigenvalue for (1). Thus μ = minΛwf˜ . Since μ ∈ Λ f˜ , we have that μ = minΛ f˜ =
minΛw
f˜
.
To prove the uniqueness of the nonzero weak solution of (Pμ f˜ ), arguing by contradiction, assume that (Pμ f˜ ) has a
nonzero weak solution u = ϕ1. By the above-mentioned claim, u(x) 0 for a.e. x ∈ Ω . Taking ϕ1 as a test function, we have
λ1
∫
Ω
ϕ1(x)u(x)dx =
∫
Ω
∇ϕ1(x)∇u(x)dx = μ
∫
Ω
f
(
x,u(x)
)
ϕ1(x)dx.
Using inequality (9) and noting that inequality (9) is strict in some subset of Ω with positive measure because u = ϕ1 and
u = 0, we obtain
λ1
∫
Ω
ϕ1(x)u(x)dx < μ
∫
Ω
Lρu(x)ϕ1(x)dx = λ1
∫
Ω
ϕ1(x)u(x)dx,
a contradiction.
Consider the function f (0)(x, ξ) which is deﬁned by setting ρ = 0 in the deﬁnition of f (ρ)(x, ξ) given above. It is easy
to see that f (0) ∈ C˜L\{0}, f (0)(x, ξ) > 0 if ξ < 0, f (0)(x, ξ)  0 if ξ  0, and consequently, (Pλ f˜ (0) ) has no nonzero weak
solution for any λ > 0. This shows that Λ
f˜ (0)
= ∅ and by the convention, infΛw
f˜ (0)
= +∞.
It follows immediately from the above conclusions that {infΛ f˜ | f ∈ C˜L\{0}} = {infΛwf˜ | f ∈ C˜L\{0}} = [
3λ1
L ,+∞]. The
proof of Theorem 2 is complete. 
To prove Theorem 3, we ﬁrst give the following lemma.
Lemma 3. For every f ∈ C1 , one has that f (ξ)ξ  13 for all ξ ∈R\{0}, and the equation f (ξ)ξ = 13 has at most one positive solution and
one negative solution.
Proof. Let f ∈ C1. We only consider the case that ξ > 0 because the case that ξ < 0 is similar. To prove that f (ξ)ξ  13 for
all ξ > 0, arguing by contradiction, assume that there exists ξ0 > 0 such that f (ξ0) > 13 ξ0. Since f has Lipschitz constant 1,
we have that f (ξ0) ξ0 and
f (ξ) f (ξ0) − |ξ − ξ0| for ξ0 − f (ξ0) ξ  ξ0 + f (ξ0),
which implies that
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ξ0− f (ξ0)
f (t)dt 
(
f (ξ0)
)2
>
1
9
ξ20 .
Noting that f has Lipschitz constant 1, from f (0) = 0 we have that
f (ξ)−ξ for ξ  0,
from f (ξ0 − f (ξ0)) 0 we have that
f (ξ) ξ − (ξ0 − f (ξ0)) for ξ  ξ0 − f (ξ0),
and consequently, combining the two inequalities above, we have that
f (ξ)− ξ0 − f (ξ0)
2
+
∣∣∣∣ξ − ξ0 − f (ξ0)2
∣∣∣∣ for 0 ξ  ξ0 − f (ξ0),
which implies that
ξ0− f (ξ0)∫
0
f (t)dt −
(
ξ0 − f (ξ0)
2
)2
> −1
9
ξ20 .
Thus we have that
ξ0+ f (ξ0)∫
0
f (t)dt =
ξ0− f (ξ0)∫
0
f (t)dt +
ξ0+ f (ξ0)∫
ξ0− f (ξ0)
f (t)dt > 0,
which contradicts with f ∈ C1.
Now assume that there exists ξ0 > 0 such that
f (ξ0)
ξ0
= 13 . Since f ∈ C1 and f (ξ0) = 13 ξ0, we have that
f (ξ)−|ξ − ξ0| + 1
3
ξ0 for
2
3
ξ0  ξ 
4
3
ξ0, (10)
and so
∫ 4
3 ξ0
2
3 ξ0
f (t)dt  19 ξ20 . It follows from f (0) = 0 and f ( 23 ξ0) 0 that
f (ξ)
∣∣∣∣ξ − 13 ξ0
∣∣∣∣− 13 ξ0 for 0 ξ  23 ξ0, (11)
and so
∫ 2
3 ξ0
0 f (t)dt  − 19 ξ20 . Since f ∈ C1, there holds
∫ 4
3 ξ0
0 f (t)dt  0, from this it follows that there must hold that∫ 4
3 ξ0
2
3 ξ0
f (t)dt = 19 ξ20 and
∫ 2
3 ξ0
0 f (t)dt = − 19 ξ20 . In this case, both of (10) and (11) must be the equalities, that is
f (ξ) = gξ0(ξ) for 0 ξ 
4
3
ξ0,
where the function gξ0 is in Lemma 2. From this we can see that the positive number ξ satisfying
f (ξ)
ξ
= 13 , if exists, is
unique. Lemma 3 is proved. 
Proof of Theorem 3. Without loss of generality, we may assume L = 1. Let f ∈ C1. To prove 3λ1 /∈ Λ f , arguing by contradic-
tion, assume that (P (3λ1) f ) has a nonzero solution u. Then, taking u as a test function, we have that∫
Ω
|∇u|2 dx = 3λ1
∫
Ω
f
(
u(x)
)
u(x)dx.
By Lemma 3, f (u(x))u(x) 13 (u(x))2 for all x ∈ Ω , and this inequality is strict in some subset of Ω with positive measure.
Thus we obtain∫
Ω
|∇u|2 dx < λ1
∫
Ω
∣∣u(x)∣∣2 dx,
which contradicts with that λ1 is the ﬁrst eigenvalue for (1). Theorem 3 is proved. 
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∂u
∂ν = 0 on ∂Ω, (P
∗
λ f )
and {−u + u = λ f (x,u) in Ω,
∂u
∂ν = 0 on ∂Ω, (P
∗
λ f˜
)
where ν is the outer unit normal to ∂Ω . Note that the ﬁrst eigenvalue for the problem{−u + u = λu in Ω,
∂u
∂ν = 0 on ∂Ω,
is λ∗1 = 1 and all nonzero constant functions are the eigenfunctions corresponding to λ∗1. Set
Λ∗f =
{
λ > 0
∣∣ (P∗λ f ) has at least one nonzero classical solution},
Λ∗w
f˜
= {λ > 0 ∣∣ (P∗
λ f˜
)
has at least one nonzero weak solution
}
,
Λ∗˜
f
= {λ > 0 ∣∣ (P∗
λ f˜
)
has at least one nonzero classical solution
}
.
Using the similar and simpler arguments we can prove the following theorems.
Theorem 1∗. For every L > 0, one has
inf
f ∈C˜L
infΛ∗w
f˜
= inf
f ∈C˜L
infΛ∗˜
f
= inf
f ∈CL
infΛ∗f =
3
L
.
Theorem 2∗. Let L > 0 be given and let ϕ1(x) ≡ 1 for x ∈ Ω . Then for each μ 3L , there exists a function f ∈ CL such that μ ∈ Λ∗f ,
μ = infΛ∗f and ϕ1 is a unique nonzero solution of (P∗μ f ). In addition, there exists f ∈ CL\{0} such that (P∗λ f ) has no nonzero weak
solution for each λ > 0. Thus one has{
infΛ∗w
f˜
∣∣ f ∈ C˜L\{0}}= {infΛ∗˜f ∣∣ f ∈ C˜L\{0}}= {infΛ∗f ∣∣ f ∈ CL\{0}}=
[
3
L
,+∞
]
.
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